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Abstract
In this paper we study the effects of noncommutativity on a closed superstring
propagating in the spacetime that is compactified on tori. The effects of compactifi-
cation and noncommutativity appear in the momentum, quantization, supercurrent,
super-conformal generators and in the boundary state of the closed superstring emitted
from a Dp-brane with the NS⊗NS background B-field.
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1 Introduction
There have been much activities exploring the relation between string theory and noncom-
mutative geometry [1, 2, 3]. There have been attempts to explain noncommutativity on
D-brane through the study of open strings in the presence of background fields [3].
D-brane can be alternatively described by the “boundary state” of the closed string
channel description [4, 5, 6, 7, 8, 9, 10]. The boundary state can be interpreted as a source for
a closed string emitted by a D-brane. By introducing the background field Bµν in the string
σ-model one obtains mixed boundary conditions for strings. Mixed boundary conditions have
been used for studying many properties of D-branes in the background fields [5, 8, 9, 10].
We proceed to study closed superstrings in the spacetime which is compactified on tori. In
a special coordinate system, which we call it “closed string frame”, compactification reveals
the noncommutativity of the spacetime through closed strings. In other words, by using
the boundary state for a closed superstring, we observe the noncommutativity effects on a
Dp-brane with background field wrapped on tori. We shall see that, O(10, 10;R) duality
group relates coordinates of the spacetime and of the closed string frame.
In the first part of this paper, we study the closed superstring, its T-duality, its quanti-
zation and the noncommutativity effects on it in the noncommutative compact spacetime.
In the second part, the boundary state equations of closed superstring will be studied.
2 T-duality and closed string frame
The solution of the equation of motion extracted from the string action can be written as
the following mode expansion
Xµ(σ, τ) = XµL(τ + σ) +X
µ
R(τ − σ) , (1)
XµL(τ + σ) = ξ
µ
L + 2α
′ΠµL(τ + σ) +
i
2
√
2α′
∑
n 6=0
1
n
a˜µne
−2in(τ+σ) ,
XµR(τ − σ) = ξµR + 2α′ΠµR(τ − σ) +
i
2
√
2α′
∑
n 6=0
1
n
aµne
−2in(τ−σ) . (2)
In the non-zero constant background B-field we can write
ξµL = (1 + 2πα
′B)µνx
ν
L ,
ξµR = (1− 2πα′B)µνxνR , (3)
2
ΠµL = (1 + 2πα
′B)µνp
ν
L ,
ΠµR = (1− 2πα′B)µνpνR , (4)
a˜µn = (1 + 2πα
′B)µν α˜
ν
n ,
aµn = (1− 2πα′B)µνανn , (5)
where Bµν = g
µλBλν and the metric gµν also is constant. Again the equations (1) and (2)
satisfy the equation of motion. Assume that all directions of the spacetime are compactified
on tori. According to the equations (3)-(5) we can write
Xµ = X¯µ + 2πα′BµνX¯
′ν ,
X ′µ = X¯ ′µ + 2πα′BµνX¯
ν , (6)
where X ′µ , the T-dual coordinate of Xµ, has definition
Tµ : X
µ(σ, τ)→ X ′µ(σ, τ) = XµL −XµR , (7)
and X¯µ and its T-dual coordinate X¯ ′µ are
X¯µ(σ, τ) = X¯µL(τ + σ) + X¯
µ
R(τ − σ) ,
X¯ ′µ(σ, τ) = X¯µL(τ + σ)− X¯µR(τ − σ) . (8)
Therefore, the mode expansions of the left and the right moving parts of X¯µ and X¯ ′µ are
X¯µL(τ + σ) = x
µ
L + 2α
′pµL(τ + σ) +
i
2
√
2α′
∑
n 6=0
1
n
α˜µne
−2in(τ+σ) ,
X¯µR(τ − σ) = xµR + 2α′pµR(τ − σ) +
i
2
√
2α′
∑
n 6=0
1
n
αµne
−2in(τ−σ) . (9)
Let us denote the coordinate system {X¯µ} as “closed string frame”. These coordinates and
their T-dual coordinates can be written as
X¯µ = GµνXν +
1
2πα′
θµνX ′ν , (10)
X¯ ′µ = GµνX ′ν +
1
2πα′
θµνXν , (11)
where there are Xµ = gµνX
ν and X ′µ = gµνX
′ν . Therefore, the coordinates of the closed
string frame and their T-dual are linear combinations of {Xµ} and their T-dual coordinates
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{X ′µ}. The coefficients of combinations are the elements of the open string metric and the
noncommutativity parameter
Gµν =
(
(g + 2πα′B)−1g(g − 2πα′B)−1
)µν
,
θµν = −(2πα′)2
(
(g + 2πα′B)−1B(g − 2πα′B)−1
)µν
. (12)
For the ordinary spacetime i.e., θµν = 0, there are X¯µ = Xµ and X¯ ′µ = X ′µ. Also for the
strong background B-field, X¯µ is a linear combination of the T-dual coordinates {X ′µ}. In
this case X¯ ′µ appears as a linear combination of {Xµ}. In other words, we have
X¯µ =
1
2πα′
(B−1)µνX ′ν ,
X¯ ′µ =
1
2πα′
(B−1)µνXν . (13)
In the zero slope limit [1] i.e., when α′ and the closed string metric gµν go to zero like
α′ ∼ ǫ1/2, gµν ∼ ǫ, where ǫ→ 0, and Bµν is fixed, we also obtain the above equations.
From the equations (10) and (11) we obtain
xµ = Gµνξν +
1
2πα′
θµνξ′ν ,
x′µ = Gµνξ′ν +
1
2πα′
θµνξν , (14)
αµn = (G
−1 − 1
2πα′
θ)µνanν ,
α˜µn = (G
−1 +
1
2πα′
θ)µν a˜nν , (15)
where there are xµ = xµL + x
µ
R , x
′µ = xµL − xµR , ξµ = ξµL + ξµR and ξ′µ = ξµL − ξµR.
Imposing the worldsheet supersymmetry in the equation (10) or (11) gives the following
relations for the worldsheet fermions
ψ¯µ = Gµνψν +
1
2πα′
θµνψ′ν ,
ψ¯′µ = Gµνψ′ν +
1
2πα′
θµνψν , (16)
where ψµ =

 ψµ−
ψµ+

 is worldsheet spinor and ψ′µ =

 −ψµ−
ψµ+

 is its T-dual spinor. Similar
definitions also hold for the spinors ψ¯µ and ψ¯′µ. For the ordinary spacetime i.e., θµν = 0, we
have ψ¯µ = ψµ and ψ¯′µ = ψ′µ. For the strong background B-field and also in the zero slope
limit, the spinors {ψ¯µ} are equivalent to the spinors {ψ′µ} and also {ψ¯′µ} are equivalent to
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{ψµ}. Note that ψµ and ψ¯µ satisfy the equation of motion i.e., ∂+ψµ− = ∂−ψµ+ = ∂+ψ¯µ− =
∂−ψ¯
µ
+ = 0. Furthermore, we have ψ±µ = gµνψ
ν
±.
Assume that all coordinates {Xµ} are compacted on tori with radii {Rµ} therefore,
Xµ(σ + π, τ)−Xµ(σ, τ) = 2πΛµ , (17)
Λµ = α′(ΠµL − ΠµR) = nµRµ , (no sum on µ) . (18)
In this case the momentum of the closed string is quantized i.e.,
Πµ = ΠµL +Π
µ
R =
mµ
Rµ
. (19)
The integers nµ and mµ are winding number and momentum number of the closed string
around the compact direction Xµ. Therefore, we have the identification
ξµ ≡ ξµ + 2πΛµ . (20)
Note that the dual coordinate X ′µ also is compact
X ′µ(σ + π, τ)−X ′µ(σ, τ) = 2πα′Πµ = 2πmµ α
′
Rµ
, (21)
therefore, its compactification is on a circle with radius α′/Rµ . This compactification gives
the identification
ξ′µ ≡ ξ′µ + 2πα′Πµ . (22)
From the identifications (20) and (22) we obtain the following identifications
xµ ≡ xµ + 2πLµ ,
x′µ ≡ x′µ + 2πα′pµ . (23)
These imply that the coordinates X¯µ and X¯ ′µ also are compact. The equation (10) or (11)
gives Lµ and pµ as
Lµ = GµνΛν +
1
2π
θµνΠν ,
pµ = GµνΠν +
1
2πα′2
θµνΛν . (24)
Therefore, Lµ and pµ are linear combinations of the closed string momentum numbers and
winding numbers. The fact that Lµ depends on the momentum numbers and pµ depends on
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the winding numbers, are consequences of the noncommutativity. Under the T-duality there
is the exchange Πµ ↔ 1
α′
Λµ , which leads to the exchange
Tµ : p
µ ↔ 1
α′
Lµ . (25)
The light-cone components of the worldsheet supercurrent have the forms
J+ = Gµνψ¯
µ
+∂+X¯
ν ,
J− = Gµνψ¯
µ
−∂−X¯
ν . (26)
Also the superconformal generators for the R⊗R sector of superstring are
L(α,d)m =
1
2
∑
n∈Z
Gµν : α
µ
m−nα
ν
n : +
1
4
∑
n∈Z
(2n−m)Gµν : dµm−ndνn : +
5
8
δm,0 ,
F (α,d)m =
∑
n∈Z
Gµνα
µ
−nd
ν
m+n . (27)
The open string metric explicitly appears in these operators. Similar relations also hold for
the left parts of the virasoro operators i.e., for L˜(α˜,d˜)m and F˜
(α˜,d˜)
m , and for the NS⊗NS sector.
O(10, 10;R) Duality relation
Now we discuss O(10, 10;R) duality relation between the spacetime and the closed string
frame. In this subsection, let the metric gµν be Euclidean. For d-dimensional toroidal
compactification duality group is O(d, d;R) [11, 12]. The elements h ∈ O(d, d;R) preserve
the form of the matrix J i.e.,
hTJh = J ≡

 0 1d×d
1d×d 0

 . (28)
Define 20-dimensional vectors R¯ and R as R¯m =

 X¯
X¯ ′

 and Rm =

 X
X ′

. The
equations (10) and (11) imply that these vectors to have the relation R¯m = ΓmnRn, where
Rm = G¯mnRn. The 20× 20 matrices Γmn and G¯mn are
Γmn =

 G−1 12piα′ θ
1
2piα′
θ G−1

 , G¯mn =

 g 0
0 g

 , (29)
where m,n ∈ {1, 2, ..., 20}. The equations (10) and (11) also give R¯m as R¯m = ΓmnRn, where
the matrix Γmn is
Γmn = GmpΓpqG¯qn , Gmn =

 G 0
0 G

 . (30)
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The open string metric G is, Gµν = (g − (2πα′)2Bg−1B)µν . Using the identity G−1 −
1
(2piα′)2
θGθ = g−1, we observe that, the matrix Γ is orthogonal and belongs to the duality
group O(10, 10;R). That is (ΓT )mpΓpn = δ
m
n and (Γ
T )mpJ qp Γqn = J
m
n. In fact, these
imply that the closed string frame and the spacetime are related to each other by O(10, 10;R)
duality rotation.
The square length of the vector R¯ and the inner product GµνX¯
µX¯ ′ν are preserved. There-
fore, for the left and the right moving sectors of closed string, the square length also is
preserved i.e., gµνX
µ
AX
ν
A = GµνX¯
µ
AX¯
ν
A, where A ∈ {L,R}.
The equations (24) can be written as

 p
1
α′
L


m
= Γmn

 Π
1
α′
Λ


n
. Note that 1
α′
Lµ
and 1
α′
Λµ are momenta of closed string in the dual spaces {X¯ ′µ} and {X ′µ}, respectively.
Therefore, the total momentum vectors in these 20-dimensional spaces also are related to
each other by O(10, 10;R) duality group.
The (10,10) Lorentzian momenta (pµL, p
µ
R), for gµν = δµν and α
′ = 1
2
, form an even
self-dual Lorentzian lattice [11], i.e., the Lorentzian length is even
p2L − p2R = 2mµnµ , (31)
where p2A = Gµνp
µ
Ap
ν
A and A ∈ {L,R}. To obtain the equation (31), we assumed that
all directions of the spacetime to have the same radius of compactification. Note that all
even self-dual (d, d) Lorentzian lattices are related by O(d, d;R) rotations [13]. Since the
momenta (pµL, p
µ
R) transform as vectors under O(10, 10;R) group, Hamiltonian in the closed
string frame is invariant. More properties of the above duality group can be found in the
Ref.[14].
Quantization
The quantization of the bosonic part gives the following equations
[ξµ,Πν ] = [ξ′µ,
1
α′
Λν ] = igµν , (32)
which can be written as
[xµ, pν ] = [x′µ,
1
α′
Lν ] = iGµν . (33)
Also the oscillators satisfy the relations
[αµm, α
ν
n] = [α˜
µ
m, α˜
ν
n] = mδm+n,0G
µν . (34)
The quantization of the fermionic part leads to the relations
{bµr , bνs} = {b˜µr , b˜νs} = δr+s,0Gµν ,
{dµm, dνn} = {d˜µm, d˜νn} = δm+n,0Gµν . (35)
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where (bµr , b˜
µ
r ) and (d
µ
n , d˜
µ
n) are oscillators of the spinor ψ¯
µ in the NS⊗NS and R⊗R sectors,
respectively. The quantization of the worldsheet fields in the closed string frame, explicitly
depends on the open string metric.
Note that for the variables in the coordinate system {Xµ}, raising, lowering or contraction
of indices can be done by the metrics gµν and g
µν , while for the variables in the closed string
frame, such as {xµ, x′µ, pµ, Lµ, αµn, bµr , dµm, ...}, indices can be raised, lowered or contracted by
the open string metrics Gµν and G
µν .
3 Boundary conditions of closed superstring
Now we develop the boundary state formalism for a Dp-brane with background field. Assume
that the B-field has non-vanishing components only along the brane directions i.e., Biα =
Bij = 0 and Bαβ 6= 0. Therefore, the bosonic boundary state equations are
(Gαβ∂τXβ +
1
2πα′
θαβ∂σXβ)τ=0|Bb〉 = 0 ,
(δX i)τ=0|Bb〉 = 0 . (36)
The set {Xα} shows the brane directions and the set {X i} shows the directions perpendicular
to the brane. Since the ghost and the super-ghost parts of the boundary state are independent
of the background field, we do not study them.
The boundary conditions on the fermionic degrees of freedom should be imposed on both
R⊗R and NS⊗NS sectors. Worldsheet supersymmetry requires the two sectors to satisfy
the boundary conditions
(
Gαβ(ψ−β − iηψ+β)− 1
2πα′
θαβ(ψ−β + iηψ+β)
)
τ=0
|Bf , η〉 = 0 ,
(ψi− + iηψ
i
+)τ=0|Bf , η〉 = 0 , (37)
where η = ±1 used to make GSO projection easily.
In terms of oscillators the bosonic part of the boundary state equations becomes
(GαβΠβ +
1
2πα′2
θαβΛβ)|Bb〉 = 0 , (38)
Λi|Bb〉 = 0 , (39)
(ξi − yi)|Bb〉 = 0 , (40)
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(
(G−1 − 1
2πα′
θ)αβanβ + (G
−1 +
1
2πα′
θ)αβ a˜−nβ
)
|Bb〉 = 0 , (41)
(ain − a˜i−n)|Bb〉 = 0 . (42)
The set {yi} indicates the transverse coordinates of the brane. The equations (36) and (37)
reveal the effects of the noncommutativity of the brane on the closed superstring boundary
state. The equation (38) describes the relation between the momentum (the momentum
numbers) of the closed string and its winding numbers [10]. This equation implies that
the noncommutativity and compactness of spacetime are coupled to each other. The lack
of one of them leads to Πα = 0, which means that the emitted closed string propagates
perpendicular to the brane. The second equation of (24) and the equation (38) give
pα = 0 , (43)
that is, in the closed string frame, the closed string is emitted perpendicular to the brane.
Also the first equation of (24) and the equation (39) lead to
Li = 0 , (44)
which means in the closed string frame, the closed string can not wrap around the compact
direction X¯ i.
The boundary state equations (36) and (37) in the closed string frame have the forms
(∂τ X¯
α)τ=0|Bb〉 = 0 ,
(∂σX¯
i)τ=0|Bb〉 = 0 ,
(ψ¯α− − iηψ¯α+)τ=0|Bf , η〉 = 0 ,
(ψ¯i− + iηψ¯
i
+)τ=0|Bf , η〉 = 0 . (45)
Apparently these equations have the form of the boundary state equations of the brane
without background field. Since in mode expansions of these equations the oscillators depend
on the background field, these equations describe the boundary conditions of a closed string
emitted from a brane with background field. The equations (43) and (44) directly can be
extracted from the first and the second equations of (45).
4 Conclusions
We found a compact coordinate system (i.e., {X¯µ}) such that each coordinate and its T-
dual coordinate are related to the spacetime coordinates and the T-dual coordinates of the
9
spacetime by the noncommutativity. Similar relations also hold for the fermions of the
worldsheet {ψ¯µ}. A novel feature is to cause the closed string state to have momentum
which is a linear combination of its spacetime momentum and its winding numbers. In this
frame the quantization of the worldsheet bosons and fermions is much similar to the zero
B-field case that is, the closed string metric should be changed by the open string metric.
This change also takes place for the supercurrent and the superconformal generators. We
saw that the spacetime and the closed string frame are related to each other by O(10, 10;R)
duality rotation.
We observed the effects of noncommutativity and compactification in the boundary state
equations of a closed superstring emitted from a noncommutative wrapped brane. In the
closed string frame, the closed string propagates perpendicular to the brane. In this coordi-
nate system the boundary conditions of the closed superstring appear similarly to the case
without B-field.
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